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Abstract
We construct the bi-Hamiltonian structure of the waterbag model of dKP and
establish the third-order Hamiltonian operator associated with the waterbag
model. Also, the symmetries and conserved densities of the rational type are
discussed.
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1. Introduction

The dispersionless KP hierarchy(dKP or Benney moment chain) is defined by
9, 2(z) = {A(2), Bx(2)}, n=12,..., 1

where the Lax operator A(z) is

o0
M) =24 ) vanz" 2
1
and
)\’n
Boy= 2@k 03 =
n
Here [- - -], denotes the non-negative part of the Laurent series A" (z). For example,
2 3
Z Z
32=3+v2, B3=?+v22+v3.

Finally, the bracket in (1) denotes the natural Poisson bracket on the space of functions of the
two variables (x, z):

{f(x,2),8(x,2)} = 0, f0.8 — 0,80 . 3)
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The compatibility of (1) coincides with the zero-curvature equation

OBy (2) — 0, B (2) = {Bn(2), Bn(2)}. 4
If we denote t, = y and t3 = ¢, then equation (4) for m = 2, n = 3 gives

U3y = U2y U3y = VU2r — U2V,
from which the dKP equation is derived (v, = v):

Vyy = (U, — VU, )
According to the dKP theory [1, 11, 13, 26], there exists a wavefunction S(A, x, fp, 3, .. .)
such that z = S, and satisfies the Hamiltonian—Jacobian equation
s B, (2)| (6)
Btn = byl2)|;=s,-
It can be seen that the compatibility of (6) also implies the zero-curvature equation (4). Now,
we expand B, (z) as

A(2)]s B o
Bn(z(k))=[ @h _ > G
=0

n n X

where the coefficients can be calculated by the residue form

Gin = —resj—oo(A B, (z) d) = L 1eS;—oo (M“w dz) ,

i+1 0z

from which the symmetry property

Gin = Gy
can be easily deduced. Moreover [26], it can be shown that the polynomials B, must satisfy
the integrability condition

0B, (L)  9B,(A)

at, - Mt

from which in turns follows the integrability of the coefficients G;,, i.e., there exists the free
energy F (dispersionless t function) such that

02F
This latter function may be for example used to invert formula (2) :
Fu Fi Fiz Fu

Gin =

=A== 7
¢ A 22 33 4l ™
where F,, are polynomials of v, vs, ..., v,4 and in fact
Fin n
By = T = res,—o—dz ®)
n n

are the conserved densities for the dKP hierarchy (1). In [3, 4], it is proved that the dKP
hierarchy (1) is equivalent to the dispersionless Hirota equation
z(A) —z(A)

D()S() = —log ;

9

0 1 0

where D(1) is the operator ) 7 | — =—.
Next, we consider the symmetry constraint [2]

M
A=Y s, (10)
i=1
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where S; = S();), A; are points in the complex plane and ¢; are constants. Note that from (7)

we know
DMWF, =Ar—2z.
On the other hand, by (9) and (10), we also have

M M
DO)Fe =Y &D()Si=—) €ln M
i=l

i=1
M M

=— Ze,- In(z — p") + (ZQ) Ina,
i=1 i=1

where z = z(1) and p’ = z();). We assume that

M
ZEZ' =0
i=1

and then we get the waterbag reduction [2, 18]

€ In(z — p')

n+1

-2
L

where v, = % Z,Ai1 €;(p")". From this we obtain

By(2) = —Z +Zep

So (t =y)

dyp' = 0y [ ('’ +Zep]

(an

(12)

13)

In [5], the two-component case of (13) is investigated. We see that equation (13) can be written

as the Hamiltonian system
o

pl P 0 0 Spl
2 1 SHy
p 1 0 Py 0 0 5 Sp?
: L :
M1, 0 0 ... 0 L 51,
- M SPM

where § is the variation derivative and

1
gfdees(k3 dz) = /dx(v§+v4)

M . 2 WAl .
/dx (Z Gipl) + 3 (Z Gi(Pl)3>
i=1 i=1

H;
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A bi-Hamiltonian structure is defined as (in the case of dKP)

OH; SH
pl 5p! 5p!
S H- SH
p? 1|5 57
: = —511 = ,
pM 5;13 ﬂ
Y spM SpM
where
Lo ... ...0
€]
oL 0o ... 0
Jl == . .2 . ax
S ()
0 0 ... 0 2L
M

and J; is also a Hamiltonian operator which is compatible with Ji, i.e., J; + ¢J, is also a
Hamiltonian one for any complex number ¢ [8, 14, 20]. We hope to find J, and the related
Hamiltonian H.

Furthermore, from the bi-Hamiltonian structure (24) or (26) (see below) of the waterbag
model (11), we also find the recursion operator Rin (25) (see below) is local. Then, according
to the bi-Hamiltonian theory [14, 22], one can construct rational symmetries using the local
recursion operator f?(equation (25)). Hence the higher-order rational conserved densities
(quasi-rational functions) are investigated.

This paper is organized as follows. In the next section, we construct the bi-Hamiltonian
structure of the waterbag model from the Landau—Ginsburg formulation in topological
field theory. Section 3 is devoted to investigating the quasi-rational symmetries and the
corresponding conserved densities of the waterbag model. In the final section, one discusses
some problems to be investigated

2. Free energy and the bi-Hamiltonian structure

In this section, we investigate the relations between the bi-Hamiltonian structure and the free
energy of the waterbag model.
The free energy is a function [F(z
’F
Uk Sriarigk
satisfy the following conditions.

U 2, ..., ") such that the associated functions,

e The matrix n;; = cy;; is constant and non-degenerate. This, together with the inverse
matrix 7/, is used to raise and lower indices.

e The functions cjk = 1n'"¢,j define an associative commutative algebra with a unity
element(Frobenius algebra).

Equations of associativity give a system of nonlinear PDE for [F(7):

3F (1) " 3F (1) _ 3F (1) " 33F (1)
01 9tPar- | dhrr e | rearrar- | 9rharPare

These equations constitute the Witten—Dijkgraaf—Verlinde—Verlinde (or WDVV) equations.

The geometrical setting in which to understand the free energy [F(¢) is the Frobenius manifold
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[8, 9]. One way to construct such manifold is derived via Landau—Ginzburg formalism as the
structure on the parameter space M of the appropriate form

A=Azt 2 ).
The Frobenius structure is given by the flat metric

n(@,9) = =) resw=o {%}

and the tensor

(A dz)d’ (A dz)d" (A d
c(®, P 8//) _ Z reSg—o { (Adz) d)\'((z)id)z ( Z)}

defines a totally symmetric (3, 0)-tensor ¢; .
Geometrically, a solution of WDVV equation defines a multiplication
0:TMxTM —TM
of vector fields on the parameter space M, i.e,
O« 0 0pp = czﬁ ()0 .

From cZﬂ(t), one can construct integrable hierarchies whose corresponding Hamiltonian
densities are defined recursively by the formula

321/,(1) Bw(lfl)
A T S
otiot/ Yook
wherel > 1, =1,2,...,n, and ¢3 = nqct¢. The integrability conditions for this systems
are automatically satisfied when the cfj are defined as above.
For the waterbag model (11), we have the following

(14)

Theorem 2.1. [10]:

8 a . .
(7)== e =12

0 0 9
—, =cCopy =0, o, B, y distinct,
ap*” apP’ apr
d d d €u€y 2B
c s s 7 ) =Cwp = > (o4 )
ap*’ ap~’ apP P pF = pe
B B 0 wEr
c s P :Caaa:_eot"'z Ca€ s (X#,B
dp* dp* op* ool el

Let us define

Y9

Then we can see that

a a d a
N\ —,— ) =¢ —.,—.,Q . (16)
ap' dp’ ap' dp/’

From the theorem, one can get the free energy associated with the waterbag model (11), noting
that p' are flat coordinates,

M
. 1 1 D L
F(p) = —¢ > e(ph)+ 3 > eiei(p' — p/)? In(p' — p')?, (17)
k=1 i#j



12978

J-H Chang

where p = (p!, p?, ..., pM) and from (16) one has

M
=2 »r
i=1
Also, we have

cgy =0, a« B,y distinct,

p _ _ Ca
cuta_pa_pﬂ’ Ol75,8
o €p
Cap = a_ i OFF
€
cga =1- Z o _ pr
r#a P p
If we define ¢; = 3% = zf"pi,
. d
eej = ciex+ Qj )
where
€; . .
- Pl 1= ja
Qij=4 7P
0, i

Hence we have the recursion relation

ﬂzi% ot 9% g if P
ap'ap’  Ap' J ap’ p' Jo z—pl

€; €;
:(n—l)yg R L .dz+7§ A —
0 z—pz—p’ 0 ap'

dx
=(n— 1)% x"*Z(c{fjek + Q,-j)d— —f A —

a0z

3
= - VP——dz— P — (2 —=
C”(n )% Z £081<

z—pl

_ k n—1
—cljak%)\ dz

= (n D'fak’ n>l

Moreover, we also have

We can express (19) as

oh, Kl 9’F 0h,_y
- = (l’l - 1)7’] 8X . % |
ap' ap'op' ). dp

dz

0

0

(18)

A)dz

(19)

(20)
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where

L0 0

€]

1

W_ 0 P 0 0
: : . 0
o0 ... o Lt
M

Therefore we obtain the recursion operator [19]

9°F 3’ F
Rl(c _ nkla;l — _ 8;1 nkl —
ap'ap' ) ap'op' /.

F
=o' Wi = @1)
optoplope
where
k= pkt 0°F
! apiop!
p' =Y an(p' —ph e In(p' — p?) exIn(p' — p™)
e In(p* — phH PP =Y man(p?—phH ... ey In(p* — pM)
e In(p" — p") & In(p" — p?) s M =Yy an(p™ = ph
(22)
Then
dh,, Ah,_s
ap! op!
dh, Ah,_s
2 2
P l=m-Dm-R*| " |, (23)
oh, Oha s
api7 T
Also, it is known that the Hamiltonian operators [16, 17] (see also [19])
Ji = "9,

PE_ i PF
8p€8pm8p"px * dp*aprap’ Px

moz lE Jr

Pt

Ma ||ME

0. (Wa),

m=1 «

are compatible. Consequently, using (23) or R?> = JflJz , we obtain the bi-Hamiltonian
structure for the waterbag model (11), n > 2,

—1 . dh,
p =
= —(n— Dn™(W},) ;" (W), 8;“?, (24)
p

where W is defined by (22).
For n = 2, i.e.(13), one can directly verify the bi-Hamiltonian structure (24).
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Remark. Using the Legendre-type transformation for WDVV equation in [8], we can
introduce new flat coordinates from the first row vector of (22):

1
ay=—|p' =Y alnp'-ph
€l 1£1
ar = In(p' — ph), k=23,4,...., M.

The inverse transformation of the above equation is
M
I _
P = €id;
i=1

M
pk:Zeia[—e“k, k=2,3,4,..., M.
i=1

Then the new free energy satisfying the WDV'V equation is [18]

2 3
€i(a)” ea .
F = 16 + ) E Em(am)z"'PS(a)_E €m e
m#1 m#l

1
+5 D emalLiz(e® ) + Lise™ "),

l<m<k
where

> €m(€m — 61)(“,31) €m€k 3 3 3
Py = Y e M) | G, a(af 6]
m#1 l<m<k
and Lis(e") is defined by
o ekx
Lise) =) -5,
k=1
which has the properties
-/ X X =11 X ex + eix
Lis(e") = —In(1 —¢"), Li5'(e") = cothx = ———.
ex — e—X
Using the different row vectors of (22), we can obtain different flat coordinate systems and
then get different free energies using the Legendre transformation.

3. Higher-order symmetries and conservational laws

In this section, we investigate the symmetries and the conserved densities of the waterbag
model involving the quasi-rational function. Quasi-rational means rational with respect to
higher derivatives . This will generalize the results in [23].

We start with the recursion operator (21). It can be seen that

R=7R T =0,W)™! (25)
is the Sheftel-Teshkov recursion operator [19]. The bi-Hamiltonian structure (24) can also be
written as (n > 2)

1 Ohye hus3
P ap! ap!
2 dhy,s Ol
p (=D T (=D 5 |
= Ji =— 7N , (26)
n : nn+1)(n+2)
pM E{h;x+| husy

ty ()I,M apM
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the Hamiltonian operator J, = R>J; being third order. Also,

oh, EL
ap! ap!
Ohy i
N ap2 F) 2
Rl |=m-1 ’ . 27
ohy, 0hy—y
apM apM
Next, we can express (13) as
1 1
p p
2 2
p p
=H| . |, (28)
M M
P, 2
where
pl + € € €3 A €M
€1 p2 + € €3 e €M
3
H = €1 € p te ... €M
€M
€1 € €3 . pM + ey

We notice that (9, — . H) is Frechet’s derivative operator for the system (28). Itis not difficult
to see that if

81’1_3 = Q(Zj’ ﬁxv I_sxxy .. )
is commuting flow with (28), then we have

3,Q = 8, (HQ). (29)

Lemma 3.1. Let W be defined in (22). Then
(1) o,W =Ho, W;
(2) Ho, W = (3, W)H.

Proof. Direct computations. ]

Theorem 3.2. The recursion operator R satisfies the Lax representation
IR _ [0,H, R]. (30)
dy

Proof. Using the lemma, we get
ok _ W
ay " ay

= =0, (W) ' [H, W, + HW,, J(W,) ™!

— 0, (W)™ Hy — 3, (W) T HW, (W)™

—0, (W) 'H, — 9, H(W,) ™' Wy (W)™

—0, (W) 'Hy — 9, H[—0, (W) ™" + (W) 719,]

— (W) "H + 8, Ha, (W) ™" — 8, H(W,) "o,

—0, (W) ™' H, + 0, HO (W)™ — 0,(W,) ™' Ha,

= 9, Ha (Wy) ™" — 8,(W,) ™' 0, H

= [3,H, 8, (W)™ = [3,H, R].

= =3 (W) "Wy (W)™ 1]
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Hence from the theorem one knows that Frechet’s derivative operator and the recursion operator

commute, i.e.,

(3, — 3, R = R(3, — 8, H).

Moreover, if we let (H, = H)

1 ahml 1
p op' r
2 ah, 2
p -1 | Gt P
. = Ji = Hn .
: n :
M o M
P, vﬁtll P,
where
L 32/1,,“ l azhml l azhnﬂ
€ dplap! € aplap? € aplap3
L 32hu+l l 32hu-*-] i azhm—]
1 € Op2ap! € Op2ap? € dprap’
H —_ — L 32hn+l i a2hn+] l azhnﬂ
" n €3 ap30p! €3 dp30p? € dp30p3
L azhml L azhnﬂ L azhnH
| em dpMop! ey OpMap? ey OpMop3
then from (27) we also obtain
(9, — 0<H,) R = R(d,, — 0,H,).

Therefore we obtain the following

l azhml
€ dplapM
l azhrﬁ-]
€ oprapM
1 9%huu
€3 ap3apM

L a2hn+l
ey dpMapM |

€1y

Theorem 3.3. Let h,,.1 be defined by (8) and Q,, be the flows defined by

T

Then Q,, is a commuting flow with p,,, i.e., p,,

Proof. Let us denote

xp,
B, xp;
XDy =
xp!
(D) Firstly, one proves
1
. 1
R (X P x) = :
1
or
1
R 1
xpy=R7!
1

Qn

km

X
X

=W, s

X

1
XDy

2
XPy

M
XDy

Ty,

>

- .
= D11, provided m = n.

where W is defined by (22). A direct computation can obtain this.



Waterbag model (II) 12983

(I) Secondly, using (29) and (31), we have
(3, — 9:H,)Qy = (3, — 8:H,) R" (xPx)
= R" (3, — 9 H,) (x )
— R"[x0 (), — Hapy) — H, i)
= —R"(p,) = —n( =D =2)---(n =m+Dpyp,
which vanishes if m > n by (27). O

According to the bi-Hamiltonian theory [14, 22], we can also express py,, ., as

1
[7] XDy
2 2
p — k21n+1 XPx
M M
p Tom+1 xpx
B
ap!
i
~ 9p2
=®*n| " |, —oo < k < m, (32)
aﬁm—k
apM
where /), s are Hamiltonian densities, m = 1, 2. .., with m indicating the order of derivatives

on which they depend, and

M
ﬁo = —x (Ze,p’) = —xh,.
i=1

We notice that the Hamiltonian densities ﬁm for m > 1 are rational functions in derivatives
and can be obtained using the method described in [6, p 69]. But the computation is involved
and we do not go further here. One also remarks that fzo is not the conserved density of (13).

From the theorem, one knows that p.,  commutes with p, provided2m+1 > n. Inspired
by [23] (see also [24, 25]), we have the following

Conjecture. /1,, are conserved densities of P, provided 2m + 1 = n.

In particular, when n = 2, we get that for all ﬁm, m = 1,2, ..., they are conserved densities
of (13).

Remark. The Riemann invariants of (13) are

Ai = Au;),
where

di

- =0,

dz 7=u;

and the associated Lame coefficients E; are defined by

(dz2)’

=205
o ()\.) = Resu,. T,



12984 J-H Chang

where ) = (A1, A2, - .-, Apyr). Then it is shown that (13) has the conserved density [25]
M =2

]

TS EDY x-i .

k=1 ""F
One can believe the following identity

hy =h(, %),

(up to some scaling) but a proof is still unknown.

4. Concluding remarks

We establish the bi-Hamiltonian structure (26) (or (24)) of the waterbag model (11) using the
free energy (17) (or theorem 2.1) of topological field theory associated with it. It turns out that
the bi-Hamiltonian structures consist of first-order and third-order Hamiltonian operators when
compared with the compatible Dubrovon—-Novikov Hamiltonian operators [7, 8]. The reason
is that the waterbag model (11) has no Euler vector field or the free energy (17) has no quasi-
homogeneous property. In this situation, it is shown that there are compatible Hamiltonian
operators of first order and third order using such free energy [16, 17, 19]. On the other hand,
since the recursion operator (25) is local, it is natural to think about the rational symmetries of
waterbag, which tries to generalize the results in [23] to the n-component case. We conjecture
that /1,, (m > 1) is a conserved density of the quasi-rational function for the hierarchy under
the constraint 2m + 1 > n. These conserved densities are related to the degenerate Lagrangian
representations in flat coordinates for the hierarchy of the waterbag model (see [15, 21]). In
Riemann’s invariants, these Lagrangian representations are investigated in [19].

One believes that these results can be generalized to the waterbag model of dToda [2].
But the computation is more involved and should be addressed elsewhere.
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